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The small microwave skin depth of sea water as well as the small penetration
depth of laser signal in water impose limitations on the application of SAR and
Lidar in sea surveillance systems. On the other hand, vessels travelling at sea
bring about hydrodynamic anomalies in the sea water called as wake. These
hydrodynamic disturbances can be detected by using some techniques such as
airborne radio imaging and Extremely Low Frequency (ELF) electromagnetic
signal processing. In practice, the motion of conductive sea water anomalies in
the natural earth's magnetic field induces ELF magnetic wakes which can be
measured via accurate magnetic sensors and detected through signal processing
schemes. The physical properties of the hydrodynamic wake as well as those
relating to the corresponding magnetic wake are directly related to the vessel
parameters such as hull shape, speed and heading. In this work, we firstly derive
and formulate the mathematical expressions relating to the aforementioned
hydrodynamic and magnetic wakes. By employing derived expressions, a novel
detection scheme is proposed based on constructing the 2-dimentional image of
the vessel’s magnetic wake through the magnetic signals captured from an array
of magnetic sensors, and finally, the relation between the spectral image of the
magnetic wake and the vessel heading is studied. We will show that our
proposed scheme can detect the existence of a remote vessel as well as its
heading from the constructed image with high accuracy, and moreover, it does
not have common limitations of existing single-sensor based heading detection
schemes.
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measurement requires highly accurate magnetic
sensors. Moreover, due to the large dimensions of
hydro-physical changes, hydrodynamic harmonics in
the seawater are considered as low frequency ones.
Therefore, accurate magnetic sensors with accuracy of
less than 1 pico-Tesla (pT) and low frequency
measuring capability is essential for the
implementation of efficient remote sensing techniques
[20, 21]. The low frequency induced hydromagnetic
wakes can be measured and detected through magnetic
sensors positioned at the sea surface or under the sea
surface. Although dimensions of marine vehicles are
limited, the generated wakes may extend tens of
kilometers and remain for several hours under certain
conditions [10-13].
The Induced magnetic wake of a ship in an infinite
depth sea was studied by Madurasinghe [17-19]. Zou
and Nehorai [22-24] proposed a single-sensor detection
scheme by using an airborne magnetometer flying
above an infinite depth sea. The proposed detection
method suffers from several drawbacks including the

1. Introduction
The hydrodynamic wave at the sea surface created by
the movement of a vessel is visible for airborne radars,
Synthetic Aperture Radars (SAR) and lidars [1-7].
Once a high-quality signal is measured through a
sensor, the implementation of signal processing
techniques is required in order to accurately distinguish
the signal from remote vessel out of environmental
noise and disturbances [8-10]. The employment of
radar and lidar systems, even with efficient signal
processing schemes, is not effective for many situations
in the sea surveillance systems. The main reason for
this inefficiency is the large power loss of high
frequency electromagnetic waves in the sea water
resulting in low effective detection range.
Traveling vessels bring about hydrodynamic anomalies
called as wakes [10-14] in electrically conductive
seawater across the ambient earth magnetic field,
leading to the induction of magnetic wakes [15-19].
Efficient implementation of remote sensing schemes
for vessels through electromagnetic signal
19
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detection limitation of the angle between the vessel
heading and magnetic sensor trajectory (which should
be lower than 19.470 in order to be detectable [22]), as
well as the impossibility of distinguishing the positive
heading angles from negative ones. In addition, in the
airborne method, it is possible to track the aircraft and
destroy it, but in the proposed single-sensor method,
this problem is solved.
When a marine surveillance system observes the
footprint of a vessel by capturing the magnetic wake
samples through magnetic sensors, the next step is to
process the received signal in order to detect the
existence of a remote floating vessel or submarine as
well as distinguishing the physical parameters of the
traveling body such as heading, velocity, size, and hull
shape. This post processing step is done by formulating
the dependency of the magnetic wake to the vessel
parameters. In order to overcome the drawbacks of the
single-sensor heading detection scheme as stated
above, in this work, we firstly derive and formulate the
mathematical expressions relating to the hydrodynamic
and magnetic wakes, and then a magnetic sensor array
structure is proposed in order to measure the magnetic
wake of the remote vessel. By employing the derived
expressions, and based on different time delay of the
magnetic wake signals measured through each element
of the sensor array, the magnetic image of the vessel
wake is constructed, and finally, the relation between
the captured image of the magnetic wake and the vessel
heading is studied. We will show that the vessel
heading can be obtained from the spectral image of the
magnetic wake in the presence of ambient Gaussian
noise.

Wherein
𝐴𝜃 =

∬ 𝐼𝜅 (𝑥 ′ , 𝑦 ′ , 𝑧 ′ )𝑒 −𝑖𝑘0 𝑥

′ 𝑐𝑜𝑠𝜃

𝑐𝑜𝑠ℎ 𝑘0 (𝑧 ′ + 𝑑)𝑑𝑥 ′ 𝑑𝑧 ′

𝑠

(2c)

and
𝑖 = √−1 ,

𝑔 = 9.8 𝑚⁄ 2
𝑠

wherein Koch(𝜃) is the Kochin function [12],
𝑠(𝑥 ′ , 𝑦 ′ , 𝑧 ′ ) is the wetted part of the submerged portion
of the vessel hull and 𝐼𝜅 (𝑥 ′ , 𝑦 ′ , 𝑧 ′ ) represents the
intensity of pressure distributed on the hull. The
unknown term 𝒉(𝜃, 𝑧) can be calculated by applying
continuity conditions of normal component of B and
tangential component of H in the surface between the
air and the water which can be obtained as:
𝒉(𝜃, 𝑧) = 𝒉𝑎 (𝜃, 𝑧)
𝒂(𝜃)
= 𝑷𝑒 𝛿𝑧 2
𝑒 𝑘0 𝑧
(𝑘0 − 𝛿 2 )
𝒉(𝜃, 𝑧) = 𝒉𝑤 (𝜃, 𝑧)
𝒂(𝜃)
= [𝑷 2
] 𝑒 𝛽𝑧
(𝑘0 − 𝛿 2 )

(3)
for 𝑧 < 0

for 𝑧 > 0

in which
𝑷=
(𝛽 + 𝑘0 ) 𝒂(𝜃). 𝑘 𝛿 cos 𝜃 𝛿 sin 𝜃
(
,
, 1)
(𝛽 + 𝛿) (𝑘02 − 𝛿 2 )
𝑖𝑘0
𝑖𝑘0
𝒂(𝜃) =
𝜎0 𝑘0 {(𝑩𝐸 . 𝒌) − 𝑖(𝑩𝐸 . 𝒊 cos 𝜃 + 𝑩𝐸 . 𝒋 sin 𝜃)}.
(𝒊 cos 𝜃 + 𝒋 sin 𝜃 − 𝒌)
𝛽 2 = 𝑘02 − 𝜀0 𝜇𝜔02
𝛿 2 = 𝑘02 − 𝜀0 𝜇𝜔02 − 𝑖𝜎0 𝜇𝜔0

𝑯(𝑥, 𝑦, 𝑧)
= ℜ𝑒 ∫ 𝒉(𝜃, 𝑧)𝐴𝜃 𝑒

(2b)

Koch(𝜃) =

Consider the free space in the Cartesian coordinate
system wherein the fluid surface corresponds to the
plane 𝑧 = 0 which is perfectly flat. We consider two
electromagnetic media; the air and the fluid
corresponding to the space regions 𝑧 > 0 and 𝑧 < 0
respectively. Electric conductivity, susceptibility and
magnetic permeability of these layers are denoted by
( σa , εa , μa ) and (σw , εw , μw ) respectively. Both
media are immersed in natural earth magnetic field 𝑩𝐸 .
By default, we assume that the vessel travels in the 𝑥axis direction, and the 𝑧-axis is perpendicular to the
fluid surface. The more general case wherein the vessel
heading is an arbitrary direction (other than the 𝑥-axis)
is later studied in Section 5.
Assuming the sea water is an irrotational fluid, which
is acceptable at far distances away from the vessel, the
induced magnetic wake at point (𝑥, 𝑦, 𝑧) instigated by a
moving vessel can be written as [17-19]:

(1)
−𝑖(𝑘0 𝑥𝑐𝑜𝑠𝜃+𝑘0 𝑦𝑠𝑖𝑛𝜃)

(2a)

𝑔
𝑘0 = ( 2 ) 𝑠𝑒𝑐 2 𝜃
𝑈
𝜔0 = 𝑘0 cos 𝜃

2. Mathematical Formulation

𝜋/2

2𝑈𝑉𝑘02
Koch(𝜃)
𝜋𝐿

𝑑𝜃

–𝜋/2
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(4)

Mohammad Amir Fallah, Mehdi Momeni / IJCOE-2021 5(3); p.19-25

𝑍
Air

𝑌

𝑋

α

Water

Figure 1. Configuration of the sensor array in the 𝒙-axis. The vessel is assumed to travel at the direction corresponding to the dashed line
whose angle is 𝜶 relative to the 𝒙-axis.
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3. Spectral Analysis
In what follows we study the frequency spectrum of the
magnetic wake as a means that sheds light on how the
vessel heading can be distinguish from the spectral
image of its magnetic wake. The spectrum of the
magnetic anomaly is obtained by taking the spatial
Fourier transform of magnetic wake in the points
located on the plane parallel to the 𝑥𝑦 plane and located
at the altitude 𝑧 = 𝑧0 which is expressed as follows:
̂ (𝑋, 𝑌)
𝑯
∞

4. Sensor Array Configuration
Assume that 𝑀 magnetic sensors are positioned along
the x-axis as shown in Figure 1. The vessel is assumed
to travel at the direction corresponding to the dashed
line whose angle is 𝛼 relative to the 𝑥 -axis. This
configuration has a time-spatial nature, in the sense that
all magnetic sensors are fixed and simultaneously
receive magnetic signal samples with sampling period
𝑇𝑠 = 1⁄𝑓 in time domain, and at 𝑀 location points in

∞

=

𝜕

𝜕

𝑠

the spatial domain. As the time passes, the 𝑥𝑦-plane
magnetic image is constructed through processing the
received signals at the 𝑀 location points and 𝑁 timesteps. It is obvious that increasing the number of
receiving sensors as well as the acquisition time leads
to higher resolution of the magnetic image resulting in
better detection probability. The image resolution in the
spatial domain depends on the number of magnetic
sensors positioned at the 𝑥 axis, and on the other hand,
the image clarity in time domain increases as time
passes. Finally, the array can construct the magnetic
image of the vessel wake and determine the vessel
heading as described in the following section.

(5)

𝒉𝑎 (𝜃, 𝑧0 )𝐴𝜃

|𝜕𝜃 (𝑋 − 𝑋0 )| |𝜕𝜃 (𝑌 − 𝑌0 )|

𝛿(𝜃𝑥 − 𝜃𝑦 )

where
𝑋0 =

𝑘0 cos𝜃
2𝜋

,

𝑌0 =

𝑘0 sin𝜃
2𝜋

(6)
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and (𝜃𝑥 , 𝜃𝑦 ) are obtained by solving the following
equations:
𝑋 − 𝑋0 = 0

,

𝑌 − 𝑌0 = 0

at points corresponding

to 𝜃 = 𝜃𝑥 = 𝜃𝑦 .

= ∫ ∫ 𝑯𝑎 (𝑥, 𝑦, 𝑧0 ) 𝑒 −𝑖2𝜋(𝑋𝑥+𝑌𝑦) 𝑑𝑥𝑑𝑦
−∞ −∞

𝒉𝑎 (𝜃,𝑧0 )𝐴𝜃
𝜕
𝜕
| (𝑋−𝑋0 )|| (𝑌−𝑌0 )|
𝜕𝜃
𝜕𝜃

intensity

(7)

5. Determination of vessel heading

The solution to equation (5) represents a locus on the
𝑧 = 𝑧0 plane describing the vessel’s magnetic wake
spectrum. Referring to (6) and (7), it is inferred that the
spectrum consists of a number of impulses with

The shape of the magnetic wake is directly related to
the vessel traveling direction and any change in the
vessel heading leads to variations in the image of the
wake; this is an important factor to be considered in the
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estimation of the vessel heading. To show this key
relation, assume that the angle between the vessel
heading and the sensors array axis is denoted by 𝛼. It is
evident that the received magnetic image in this case
(denoted by 𝑯′ ) is the same as that presented for 𝛼 =
0 (denoted by 𝑯 as expressed in previous sections)
except that it is rotated by 𝛼 degrees in the
counterclockwise direction. In what follows we prove
that the spatial spectral Fourier transform for 𝑯′ is also
a rotation of that for 𝑯 by 𝛼 derees. Let define

∞

′ ′

Sensor axis

(9)
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-1.5

−∞ −∞
′ ′

+ 𝑦 ′ cos 𝛼 , 𝑧0 ) 𝑒 −𝑖2𝜋(𝑋 𝑥 +𝑌 𝑦 ) 𝑑𝑥 ′ 𝑑𝑦 ′ |
On the other hand

𝜕𝑥 ′
𝜕𝑦 ′
= ( ) +( ) = 1
𝜕𝑥
𝜕𝑥

𝜕𝑥 ′
𝜕𝑦 ′
= ( ) +( ) = 1
𝜕𝑦
𝜕𝑦
Hence we have:

20
30
Recording time (S)

40

50

(14)

Algorithm 1: Determination of the vessel heading
through constructing the spectral image of the magnetic
wake
1- Let 𝑀 and 𝑁 be the total number of sensors and
measuring time steps respectively.
2- For each 𝑚 ∈ {1,2, … , 𝑀} and 𝑛 ∈ {1,2, … , 𝑁},
̃ [𝑚, 𝑛] be the time domain magnetic signal
let 𝑯
measured by the 𝑚’th sensor at the 𝑛’th time
̃ [𝑚, 𝑛] = 𝑯[𝑚, 𝑛] + 𝜎𝑚,𝑛 in
step, where 𝑯
which 𝜎𝑚,𝑛 is the corresponding Gaussian
ambient noise.
3- Calculate the spatial Fast Fourier Transform
̃ 𝑀𝑁 denoted by 𝑯
̃ ′𝑀𝑁 and depict the
(FFT) of 𝑯
corresponding two-dimensional image of
̃ ′𝑀𝑁 .
𝑯
4- Determine the direction of the wake by
̃ ′ through
calculating the rotation angle 𝛼 of 𝑯
simple image processing techniques.

(10)

|𝑑𝑥𝑑𝑦| = |ℎ1 ℎ2 𝑑𝑥 ′ 𝑑𝑦 ′ | = 1
where,

10

In other words, adding the angle 𝛼 between vessel
trajectory and the sensors array axis leads to an image
rotation equal to 𝛼 in the spectral domain. Hence,
determination of image rotation in spectral domain
leads to the detection of vessel heading with respect to
the array axis. Based on what stated, we propose the
following heading detection scheme:

′ ′

∞

2

-1

|𝓕{ℛ(𝑯(𝑥, 𝑦), 𝛼)}| = |ℛ(𝓕{𝑯(𝑥, 𝑦), 𝛼})|

|∫ ∫ 𝐻(𝑥 ′ cos 𝛼 − 𝑦 ′ sin 𝛼 , 𝑥 ′ sin α

2

-0.5

Figure 2. Magnetic wake amplitude (nT) at vessel speed 10 m/s
recorded by 40-element multi-sensor arrangement with 𝑵 =
𝟓𝟎 time-steps and 𝒇𝒔 = 𝟎. 𝟓 𝑯𝒛 in a noiseless environment.

−∞ −∞

2

0

0

= |∫ ∫ 𝐻 ′ (𝑥 ′ , 𝑦 ′ , 𝑧0 ) 𝑒 −𝑖2𝜋(𝑋 𝑥 +𝑌 𝑦 ) 𝑑𝑥 ′ 𝑑𝑦 ′ |

2

20

10

|ℱ{𝐻 ′ (𝑥 ′ , 𝑦 ′ )}(𝑋 ′ , 𝑌 ′ )|

ℎ12

0.5

15

where (𝑋 ′ , 𝑌 ′ ) = ℛ{(𝑋, 𝑌), 𝛼}. Now, from (8b) we can
write:

′ ′

25

(8a)
(8b)

𝓕{𝑯′ (𝑥 ′ , 𝑦 ′ )}(𝑋 ′ , 𝑌 ′ ) =
′ ′
′ ′
∞ ∞
∫−∞ ∫−∞ 𝑯′ (𝑥 ′ , 𝑦 ′ , 𝑧0 ) 𝑒 −𝑖2𝜋(𝑋 𝑥 +𝑌 𝑦 ) 𝑑𝑥 ′ 𝑑𝑦 ′

∞

1

30

where the operator ℛ{𝒇(𝑥, 𝑦), 𝛼} rotates 𝒇(𝑥, 𝑦) by 𝛼
degrees in the counterclockwise direction. According
to (5), the spectrum of the received magnetic signal is
expressed as:

=

1.5

35

5

(𝑥 ′ , 𝑦 ′ ) = ℛ{(𝑥, 𝑦), 𝛼}
𝑯′ (𝑥 ′ , 𝑦 ′ ) = ℛ{𝑯(𝑥, 𝑦), 𝛼}

∞

2

40

(11)

(12)

ℎ22
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and finally, we conclude that
∞

∞

′ ′

′ ′

|∫ ∫ 𝐻(𝑥 ′ 𝑐𝑜𝑠 𝛼 − 𝑦 ′ 𝑠𝑖𝑛 𝛼 , 𝑥 ′ 𝑠𝑖𝑛 𝛼 + 𝑦 ′ 𝑐𝑜𝑠 𝛼 , 𝑧0 ) 𝑒 −𝑖2𝜋(𝑋 𝑥 +𝑌 𝑦 ) 𝑑𝑥 ′ 𝑑𝑦 ′ | =
−∞ −∞
∞
∞

|∫ ∫ 𝐻(𝑥, 𝑦, 𝑧0 ). 𝑒 −𝑖2𝜋(𝑥(𝑋

′ 𝑐𝑜𝑠 𝛼−𝑌 ′ 𝑠𝑖𝑛 𝛼)+𝑦(𝑋 ′ 𝑠𝑖𝑛 𝛼+𝑌 ′ 𝑐𝑜𝑠 𝛼))

𝑑𝑥𝑑𝑦| =

−∞ −∞

|ℱ {𝐻(𝑥, 𝑦, 𝑧0 )}(𝑋 ′ 𝑐𝑜𝑠 𝛼 − 𝑌 ′ 𝑠𝑖𝑛 𝛼, 𝑋 ′ 𝑠𝑖𝑛 𝛼 + 𝑌 ′ 𝑐𝑜𝑠 𝛼 , 𝑧0 )| =|ℛ(ℱ{𝐻(𝑥, 𝑦), 𝛼})|
(13)
22

Mohammad Amir Fallah, Mehdi Momeni / IJCOE-2021 5(3); p.19-25

-1

40
2.5
35

-0.8

0.9

-0.6

0.8

-0.4

0.7

-0.2

0.6

0

0.5

-0.5

0.2

0.4

-1

0.4

0.3

0.6

0.2

0.8

0.1

2
1.5

30

1
25

0.5
Y (1/m)

Sensor axis

1

0

20
15

-1.5

10

-2
5
-2.5
0

10

20
30
Recording time (S)

40

1
-1

50

-0.5

0
X (1/m)

0.5

1

(a)
(b)
Figure 3. (a) Magnetic wake amplitude (nT) at vessel speed 10 m/s, 𝜶 = 𝟎° and SNR=0 dB recorded by 40-element sensor array
arrangement with 𝑵 = 𝟓𝟎 time-steps and 𝒇𝒔 = 𝟎. 𝟓 𝑯𝒛. (b) Normalized spectrum of the corresponding magnetic wake.

In the following section, we study through numerical
results how the proposed scheme results in the
determination of the vessel heading in different
practical scenarios.

180 meters, draft 10 meters and beam 20 meters sailing
at 10m/s. The magnetic wake induced by the
hydrodynamic wake of the ship is observed by a 40elements sensor array system with 20 meters spacing
between adjacent sensor elements. The sampling rate is
𝑓𝑠 = 0.5 Hz and the number of measuring time-steps is
𝑁 = 50. Figure 2 is the time-domain magnetic wake
̃ 40×50 captured through Algorithm 1 in a
image of 𝑯
noiseless environment for 𝛼 = 0° . It is seen that the
direction of the vessel movement is simply
distinguished from the time-domain image and there is
̃.
no need here to calculate the spectrum of 𝑯
In order to evaluate the performance of our proposed
scheme and investigate the superiority of the proposed
sensor array configuration to conventional singlesensor methods in vessel heading estimation, several
cases are simulated in the following.
First, we consider that the vessel sails at speed 10m/s
and 𝛼 = 0° for the case when the signal to noise ratio

In this section, we study the determination of vessel
heading by exploring the magnetic wake instigated
from a vessel traveling at different speeds and
directions in the presence of background Gaussian
noise. The dielectric susceptibility, electric
conductivity and magnetic permeability in the air and
water are assumed to be ( εa , εw ) = ( ε0 , 81 ε0 ) ,
( σa , σw ) = (0,5)
( μa , μw ) = ( μ0 , μ0 )
and
respectively [25-28].
It is assumed that all sensor elements of the array are
omnidirectional and uniformly arranged along the 𝑥axis. The results are obtained by simulating the
proposed scheme for a Wigley’s hull ship with length

-1
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2

35
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1
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6. Numerical Results
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𝟐𝟓° and

Figure 4. (a) Magnetic wake amplitude (nT) at vessel speed 10 m/s, 𝜶 =
SNR=0 dB recorded by 40-element array sensor
arrangement with 𝑵 = 𝟓𝟎 and 𝒇𝒔 = 𝟎. 𝟓 𝑯𝒛 (b) Normalized spectrum of the corresponding magnetic wake.
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(a)
(b)
Figure 5. (a) Magnetic wake amplitude (nT) at vessel speed 10 m/s, 𝜶 = −𝟑𝟓° and SNR=0 dB recorded by 40-element array sensor
arrangement with 𝑵 = 𝟓𝟎 and 𝒇𝒔 = 𝟎. 𝟓 𝑯𝒛 (b) Normalized spectrum of the corresponding magnetic wake.

7. Conclusion

(SNR) is 0 dB. The obtained time-domain magnetic
wake signal captured by the sensor array system is
shown in Figure 3(a), and the corresponding magnetic
wake spectrum calculated by using 512 points FFT is
presented in Figure 3(b). Note that although the
presence of the wake is not so clear in the time domain,
in the spectral domain however, we can observe a clear
indication of the presence of the vessel and distinguish
the corresponding heading. This can be justified by the
existence of delta functions in (5) and noting that the
noise power spectrum is randomly distributed in the
region of spectral plane.
Figure 4(a) and 4(b) display the magnetic wake and its
spectrum for the same scenario as in Figure 3 except
that 𝛼 = 25° is considered here. The results show that
that the limitation of conventional single sensor method
in the vessel heading for |𝛼| < 19.47° ([22]) does not
exist here by using the proposed array sensor
configuration. As seen in Figure 4(b), the spectral
image of the magnetic wake is rotated
counterclockwise around the image center by 𝛼 = 25°
as was pointed out in section 5. While the heading
cannot be easily distinguished from the time-domain
image in Figure 4(a), this is clearly detected in the
spectral image in Figure 4(b).
Another advantage of the proposed detection scheme
based on the spectral image construction through the
sensor array configuration is to discriminate between
positive and negative values of 𝛼 which is impossible
in the single sensor schemes [22]. Figure 5(a) and 5(b)
show the magnetic time and spectral domain image of
the magnetic wake for the same scenario as in Figure 4
wherein all parameters are the same as before except
that heading direction corresponds to 𝛼 = −35° .
Compared to the pervious case, the spectral image in
this case rotates clockwise, and it is clearly seen that,
negative values of the angle corresponding to the
heading is easily detected as well.

In this paper we proposed the heading estimation of
remote vessels by processing the magnetic wake of the
vessel through an array of magnetometers. More
specifically, we proposed a scheme to construct the
magnetic image of the vessel wake and then obtained
the corresponding spectral domain image. We verified
through numerical results that our proposed scheme
can estimate the heading of a remote vessel with
relatively high accuracy in the presence of background
Gaussian noise and moreover, the proposed method
was shown to overcome the limitations of conventional
single-sensor heading estimation techniques.
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